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Abstract:

Robotic serial manipulators are essential tools in industrial automation and manufacturing
processes. Accurate representation and analysis of their kinematics are crucial for precise control
and efficient motion planning. Dual quaternions have emerged as a powerful mathematical
framework for modeling the kinematics of robotic serial manipulators. Additionally, it offers a
method to represent the modeling from the conventional Denavit-Hartenberg (DH) to Dual
Quaternion. The quaternion can present the orientation without suffering from a singularity
which can be found by DH.



1. Introduction

Robotic serial manipulators play a crucial role in numerous industries, facilitating automation,
manufacturing, and other tasks requiring precise motion control. Accurate representation and
analysis of their kinematics are essential for optimal performance. Dual quaternions have
emerged as a powerful mathematical framework for modeling the kinematics of robotic serial
manipulators. In this article, we provide a comprehensive exploration of the application of dual
quaternions in robotic serial manipulators,

Singularity problem justifies the need of a robust and precise approach to perform the kinematic
of robots. We Dual quaternion to avoid singularity problems.

2. Background Mathematical
Before going into the topic of quaternions, it is important to review some kind Number
systems:

Complex Number C
Quaternion Number System H
Dual Number D

Dual Quaternion &#

Complex Numbers C

The set of complex numbers C, can be understood as an extension of the set of real numbers R.
Any complex number can always be written in the form

c=a+bi
where a, b € R. In addition, the imaginary unit, i has the following property 2 = —1
conjugation
(c)=a-bi

Norm

lell =vVee =J(a+bD(a—bi) =+a? +b?
Quaternion H
h=a+bi+cj+dk
where a,b,c,d € R

and 1, j, k imaginary units have the following properties
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2=pP2=k*=ijk=-1
Operation on quaternion

~

hi=a;+by T+c; j+di k
h,=a,+b, i+c, j+d, k
Sum/Subtraction
hith =(a ta)+(by+by) i+ (citcy) j+(di+dy) k
Multiplication

hihy = (aya; — byb; — ¢1¢;, — dydy) + (aya; + byb, + ¢1¢;, — dydy) T+ (aga; — byb,
+ C1C2 + dle) j + (a1a2 + b1b2 - C1C2 + dle) l,é

Where the real part, Re(h) = a.
if the real part equal zero, its s called a pure quaternion H,
Imaginary part, Im(h) =b i+c j+d k.
Conjugation
(h*=Re(h)—Im(h)=a—-bi—cj—dk

Norm

Iall = VR h*
Dual Number D
Any dual number can be written in the form:

d=a+eb

where a, b € R. The algebra of dual numbers is based on the following property of the nilpotent
dual unite #0, €2 = 0.

Unit Quaternion and rotation of rigid bodies

When we extend the concept of dual numbers to be composed of two quaternions, we have what
we call dual quaternions.

h =h+¢eh
Where h € #
Where h,h' € H

Note that R = o, C = o, H < 4, D < . That is, the real numbers, the complex numbers, the
quaternions, and the dual numbers are all subsets of dual quaternions.



The primary part of the dual number
P(h) =h
The dual part of the dual number h’
D(h) = I’
Sum/Subtraction
hy £ hy = (hy £ hy) + e(hy £ hY)
Multiplication
hq hy = (hihy) + e(hih; + hohy)
Conjugation
(b =MW" +e)
Norm
k]| = VR B*
Real part
Re(h) = Re(h) + € Re(h')
Imaginary part
Im(h) = Im(h) + e Im(h")
Rigid Displacement:
Let r = cos (g) + v sin (g) that represent a rotation
Let ¢ = (&, ,t, ,t,) that represent the translation.

The pose transformation (Unit dual quaternions) can be presented by a translation followed by a
rotation can always be written in the form
1
x=r+ ¢ > tr

We can represent DH to Dual Quaternion

The first is the rotation of 0;
. 0\ -~ . 6
xi71 = cos (?l) + k sin (?')

the second is a translation of d;

- 1 -~
5;”(di) =1+ SE kdl



the third is the translation of a;
5;::,(ai) =1+ s% ia;

the fourth, and last, is the rotation of «;

X;" = cos (%) + 1sin (%)
So we can find the form from DH parameters:
cos(ai/z) cos(ei/z)
sin(ai/z) cos(ei/z)
sin(ai/z) sin(ei/z)
cos(ai/z) sin(ei/z)
xit=|_ % sin(ai/z) cos (91/2) — %cos(ai/z) sin(ei/z)

i . . : di . 3 . 3
a3cos(0(‘/2) sin (9‘/2) — ?sm(al/z) sm(e‘/z)

i : . (0, di « -
aicos((x‘/z) sin (91/2) + > sm(a‘/z) COS(B'/Z)

R W R .
- % sm(a‘/z) sin (91/2) + cos(a‘/z) COS(B'/Z)_
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Abstract. The paper reports work-in-progress towards exploiting Machine
Learning methods to solve the inverse kinematics (IK) problem in real-time, in
order to control the pose (position and orientation) of the end-effector of a robotic
arm. The work explores the use of Unit Dual Quartenion to the kinematic of a
robot arm of serial architecture with six degrees of freedom (DOFs). Non-linear
constrained optimization is applied to solve the IK problem taking into account
actuation (motor) limitations in every DOF. The results show that this approach
overcomes singularities and achieves a continuous "best realisable" solution,
even when the target path is outside the reachable workspace.This sets the basis
for further research work, namely building a off-line datasets that can be used to
train a computationally efficient Machine-Learning model running in real-time.
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1. Introduction

Practically every practical robot application incorporates solving the inverse kine-
matics (IK) in real-time, in order to control the pose (position and orientation) of the
end-effector. In general, the IK problem, i.e. the relationship between actuation and
resulting pose, is highly non-linear and incorporates singularities and multiple solu-
tions. The problem is further complicated when actuation constraints must be taken into
account - as is typical in real-life robot mechanisms. In all cases, computing efficiency
is critical in solving the IK problem, in order to to meet responsiveness and accuracy
goals imposed by the robotic application.

Investigating mathematical approaches that facilitate the formulation and efficient
solution of the IK problem, recent research has turned to unit dual quaternion (UDQ)
representation of the robot pose recently [3]. Apparent advantages of the unit dual qua-
ternion include its immunity to singularities, robustness to numerical errors, and higher
storage and computational efficiencies. These features have attracted the interest of
other ares, such as computer graphics and computer vision [2].



UDQ requires seven parameters to describe pose transformation in successive coor-
dinate systems, instead of the 12 parameters required in the conventional homogeneous
transformation matrix (HTM) approach. In addition, multiplications of dual quaternions
are computationally less expensive than the matricx multiplications required for HTMs.
Moreover, UDQ coefficients may be employed directly in control laws without the re-
quirement for additional parameters to be extracted, as is the typical case when using
HTM [4].

Standard approaches to solving the IK problem require the computation of the Jaco-
bian matrix using the kinematic equation [5]. Often, the general IK problem is ex-
pressed as a constrained Quadratic Programming (QP) problem seeking to minimize a
distance between the target and actual trajectory, while respectong actuation and other
limitations [5][6].

After presenting the Unit Dual Quartenion in Section 1, the paper examines its use
for modelling the kinematic of a robot arm of serial architecture with six degrees of
freedom (DOFs), described in Section 3. Section 4 applies a non-linear constrained op-
timization method to solve the IK problem taking into account actuation (motor) limi-
tations in every DOF. The results, in Section5, show that the method achieves a contin-
uous "best realisable" solution, even when the target path is outside the reachable work-
space. As discussed in Section 6, this sets the basis for further research work, namely
building a off-line datasets that can be used to train a computationally efficient Ma-
chine-Learning model running in real-time.

2. Background
2.1 Quaternion H:

Quaternion was introduced by Hamilton in 1843 which extended complex numbers
in 4 dimensions. It has 3 imaginary parts and one real part.

h=q;+q, T+q3 j+qs k (1)

Where h € H

where q1,492,q3,94 € R

and1,], k imaginary units have the following properties

ij==ji =k  jk=-kK =1 ki=-ik =j ()

2==k®=1ijk=-1 (3)

The unit quaternion can present the orientation without suffering from a singularity
which makes it more robust but it is more complicated.

The unit quaternion represents rotation of the reference frame of rigid bodies in the
three-dimensional space [9]



r= Cos<§)+vsir(§) C))

Where 9 is rotation angle around the rotation axis v.
2.2 The Dual Quaternion &
The unit quaternion can describe only orientation with disregarding the translation,
so we extended the concept of dual number ID to be composed of two quaternion what

we called dual quaternion.

The qual quaternion can be written in the form
h=h+eh’ (5)

h={(a;+0, 1+as j+a, k) +e(qs + a6 1+ 97 j+qs k)} (6)

Whereh € &#

Where h,h' € H

Where ¢ is dual unit (also known as Clifford unit) [10], € # 0,€2 = 0
We called h primary part, h’dual part

Note that Rc H ,Cc H,Hc H,D c H. That is, the real numbers, the complex

numbers, the quaternions, and the dual numbers are all subsets of dual quaternions.

A dual quaternion in expanded form h = {(ql +q, i4+q;j+q k) +e (qs +
qe 1+q7 J+qg ﬁ)} it can define the operator vec(h) =[q+qy +q3 +q4 +

Qs + g6+ q; +qg]T that maps a dual quaternion into an 8-dimensionals vector[11].

3. Modeling Serial Robots

The rigid body are described by the position of the origin of the local frame and the
orientation of its axes where the position of the origin of coordinate frame F; relative
to coordinate frame F; can be denoted by the 3 x 1 vector. The most common way to
represent the attitude of rigid body in minimal representation is a set of three Euler
angles. [13]

The Euler angles represent a rotation in a specific sequence and it’s commonly used
because it presents orientation physically and easy to understand, On the other hand, it
is suffered from singularity. For instance, if we use a sequence of rotation by fixed
angle such ‘XYZ’ (called RPY roll pitch yaw angles) used fixed angle so we rotate
about X axis then by Y axis then by Z axis. If the rotation about y equals 90° then we



will have singularity (Gimbal Lock) which occurs when two rotational axis align and
lose one degree of freedom.

3.1 Modeling Kinematic Using Denavit-Hartenberg Parameters:

The DH (Denavit-Hartenberg) parameters are the most often used form for describ-
ing a robot model. This convention was founded in 1955 by Jacques Denavit and Rich-
ard Hardenberg in order to standardize the coordinate frames for spatial links [1][13].
DH method ensures that the position and orientation of each frame can be described by
only four parameters, which remove the complexity from the kinematic analysis and
allow us to derive the equations of motion using the kinetic.

The kinematic modeling of a robot manipulator describes the relationship between
the links and joints that compose its kinematic chain. The most popular methods use
the Denavit-Hartenberg convention, which uses a minimal parameter representation of
the kinematic chain, but on the other hand has some limitations. The direct kinematics
analysis is the process of calculating the end-effector posture from the joint positions
given, while the inverse kinematics analysis is the process of obtaining the joint posi-
tions necessary to establish a desired end-effector posture. Both analyses are important
in motion study. [7]

The equation for DH convention (7)

A = Rot,(6;) Tran,(d;) Tran(a;) Rot, (o) 7




Fig 1. Manipulator with 6DOFs drawing by SolidWorks

Tablel. DH parameters
Link 0; (rad) d;(cm) a;(cm) «; (rad)

1| e+ g) d 0 +pi/2
> |, + g) 0 0 +pi/2
3|8+ ;) 0 a, 0
4 0, 0 a, 0
5 0 0 0 +pi/2
6 0 0 ag 0

Note:d; =7cma; =9.3cma, =93cm ag = 3.635cm

3.2 Modeling Kinematic using Dual Quaternion:

Rigid Displacement:
Unit dual quaternions compose the set ¢, which represent pose transformations of

the reference frame of rigid bodies in three-dimensional space.

9 .9 . .
Let r=c os(;) +vsi r(;) that represent a rotation about the unit vector v through

9 where ||r|| = 1

Lett = (tk,ty,t,) that represent the translation.

The pose transformation (Unit dual quaternions) can be presented by a translation
followed by a rotation can always be written in the form
1

= =t (®)
X r+s2 r

Wherex € T, [|x]| = 1.
Forward Kinematics Model (FKM)

The forward kinematic model (FKM), concerns finding the function that maps the

joint space variables into the task space variables.



Note the kinematic model of a robot models the motion of the robot without consid-
ering forces. It concerns only the geometry of the robot. This means that weight, inertia,

and so on are not considered in kinematic modeling
Let x§' € C be reference frame at the base of the robot. For convenience, it can co-

incide with the reference frame of the first joint of the robot.

So, the pose of the end effector will be:

Xp = x9x3x5 ..xp 7! )

The DH parameters provide a systematic way to calculate each individual joint trans-
formation of any n-DoF serial manipulator. Each joint transformation x.~%(8;) €

,where i = 1,2, .....n is composed of four intermediate transformations, as follows

X7t = X}f_l(ei ) E;”(di ) X}'”(ai )x (o) (10)

where the DH parameters, for each joint, are®; , d;, a;, o; € R . Each of those param-
eters is related to one transformation. The first is the rotation of 0; about the z-axis of

frame F;_; .

. 0; - 0;
xi71 = cos<3'> +ksi r(El) (11)

the second is a translation of d; about the z-axis of frame Fr .

" 1.
X;H(di) =1+ EE kdl (12)

the third is the translation of a; about the x-axis of frame F;r ,

1 1
E;///(ai) =1+ sziai (13)

the fourth, and last, is the rotation of a; about the x-axis of frame F;/ s

o a;
x{' = cos(?') +1isi r(?l) (14)

So, we can find the form from DH parameters:



cog(%/,) cos®/,) ] (15)
si ﬁai/z) COS(Bi/Z)
si %/,) 510/
co“/,) 51 8%/)
5}—1 = —%Si ﬁai/Z)COS(ei/Z) _%Cos(ai/z)si ﬁei/z)
2 cod ) si (%)~ Ssi 4%/ s %)
%Coiai/z) si r(ei/z) + %Si lﬁai/z) cos(ei/z)
__%Si ﬁai/z) si r(ei/z) + %COS(ai/Z) cog(ei/z)_

Inverse Kinematic Model (IKM)

The inverse kinematic model (IKM), concerns finding the opposite mapping of the

FKM, that is, a function that maps the task space variables into joint space variables.
Differential Kinematics Model (DKM)

The first-order time-derivative of the FKM is called Differential Kinematics Model

(DKM). It maps the joint-space velocities into task-space velocities in the general form

(17).

gx = f(0) (16)

x=]0 (17

Where 0 2 0(t) € R" is the vector of the manipulator joint configuration, x £
x(t) € R™ is the vector of the m task variables, ] 2 J(8) € R™*™ is a Jacobian ma-

trix.

In Dual Quaternion the Differential Kinematics will be ().[10]

vecgx =], 0 (18)

Where ], € R8X™ is dual quaternion analytical Jacobian,
4. Constrained Optimization:

There are many types of optimization problems one of them Unconstrained optimi-

zation which have the form (19)



u € ar gmi nf(0) (19)
0

Which mean find all decision variable @ that minimize objective function f(é) and

return one of them as u.

Using unconstrained optimization to solve robot-control tasks is useful in some
cases, but most tasks in practice have what we call hard limits. They are called that way
in the sense that those limits are joint-space or task-space limits that cannot be tres-
passed. For instance, joint limits are a physical type of hard limit. The controller cannot

command the robot to move over its joint limits.

When performing kinematic control, the decision variable are the joint velocities and
not the joint positions. Therefore, we need to write the joint limits as a linear inequality

that depends on the joint velocities.

We have used in this paper quadratic programming (QP), which is a linearly-con-

strained quadratic optimization problem, in the form (20)

u € argmi nf(é) (20)
0
subjectto WO <w

Where W € R"*P and w € RPrepresent p linear constraints related to the n de-
grees-of-freedom of the robot. So, we have to find decision variable 6 that minimize

objective function f(é), subject to W8 less or equal to w, and return as u.

Suppose that the lower joint limits are 8~ € R™ and the upper joint limits are 8% €

R™. The most common way of implementing joint limits using a QP is as follows [10]

u € argmi n||]9+VeC8(§—§d) ”2 +)‘2”9”2 @D
0

subjectto WO <w

Where

(67— 96)

_,= - : _
W= [+I]’ [ = Identi tymatri xand w = [+(9+ — 0

The main idea behind this constraint is to constrain the velocity of the joint in the

direction of the joint limit.



5. Results

5.1 Constrained Optimization using Dual Quaternion for Single Pose

(pitch=90°)

We will solve the inverse kinematics of Pose target has gimbal
lock(pitch=90°) by Constrained Optimization

Table2. Pose Target

X Y V4 Roll Pitch Yaw
(cm) | (cm) | (cm) | (deg) | (deg) | (deg)
Pose Target = [ 15 5 3 15 90 75 ]
Where the limit of the joints:
Theta Limit min= [-179°,-32°, -105°, -5°, -25°, -68°]
and Theta Limit max=[ 179°, 32°, 45°, 100°,120°, 68° ]
24 6
6
22
Current 4 Current 4 $urre:\t
g 20 Target ,E Target E arge
< < <
» 18 > NE
2
16 0
14 0 2
0 100 200 0 100 200 0 100 200
Iteration Iteration Iteration
0.4 15] 2
Current
02 Current Current 15 Target
—_ = Target PR
T Target 'g 1 =
£ £ £
= = S 1
= z
S -0.2 2
< l Z o5 =
0.4 05
-0.6 0 0
0 100 200 0 100 200 0 100 200
Iteration Iteration Iteration

Fig 2. Pose target and Pose Actual
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Fig 4. Theta of all joints of manipulator
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Fig 5. Speed in every iteration

5.2 Constrained Optimization using Dual Quaternion for Tracking Prede-
fined Trajectory

We will solve the inverse kinematics for defined trajectory by Constrained
Optimization, the Trajectory path which we defined contains 40 poses.
first Half Circle with R=7 and contain 20 poses.

Table3. First part of path trajectory

X Y Z Roll Pitch Yaw

(cm) | (cm) | (cm) | (deg) | (deg) (deg)
Pose Target 01 =[ 17 3.5 6 15 30 45 1
Pose Target 20 = [ 17 -3.5 6 15 30 45 1

Then Line between two points contain 20 poses

Tabled4. Second part of path trajectory

X Y Z Roll Pitch Yaw

(cm) | (cm) | (cm) | (deg) | (deg) (deg)
Pose Target 21 =[ 17 -3.5 6 15 30 45 1
Pose Target 40 = [ 17 3.5 6 15 30 45 ]
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6. Conclusions

Simulations show that the combination of the Unit Dual Quartenion and Constrained-
Quadratic Optimisation provides acceptable solutions for the Inverse kinematic prob-
lem when actuation limitations are imposed. The resulting paths are smooth and
achieve "best possible" trajectories even for target parths that lie beyond the reachable
space. However, the approach requires significant computational effort.

This sets the basis for further work, in the context of Doctoral research, to exploit the
approach off-line in order to tabulate extensive IK datasets. The results will be used to
train Machine Learning systems that can reproduce the solution in a computationally
efficient way and achieve the rapid and accurate response required in practical robotic
applications.

References

[1]17. J. Craig, Adaptive Control of Mechanical Manipulators. Addison Wesley Pub-
lishing Company, 1988.

[2] Z. Zhao, T. Wang, and D. Wang, “Inverse kinematic analysis of the general 6R
serial manipulators based on unit dual quaternion and Dixon resultant,” in 2017 Chinese
Automation Congress (CAC), pp. 2646-2650. doi:
https://doi.org/10.1109/CAC.2017.8243223.

[3] H. Wang, Z. Zhou, X. Zhong, and Q. Chen, “Singular Configuration Analysis
and Singularity Avoidance with Application in an Intelligent Robotic Manipulator,”
Sensors, vol. 22, no. 3, 2022, doi: https://doi.org/10.3390/s22031239.

[4] Silva and B. V. Adorno, “Wholebody control of a mobile manipulator using feed-
back linearization based on dual quaternions,” in 2016 XIII Latin American Robotics
Symposium and IV Brazilian Robotics Symposium (LARS/SBR), pp. 293-298. doi:
https://doi.org/10.1109/LARSSBR.2016.56.

[5] H. Pham, V. Perdereau, B. V. Adorno, and P. Fraisse, ‘“Position and orientation
control of robot manipulators using dual quaternion feedback,” in 2010 IEEE/RSJ In-
ternational Conference on Intelligent Robots and Systems, pp. 658-663. doi:
https://doi.org/10.1109/IROS.2010.5651097.

[6] K. Ayusawa, W. Suleiman, and E. Yoshida, “Predictive Inverse Kinematics: op-
timizing Future Trajectory through Implicit Time Integration and Future Jacobian Es-
timation,” in 2019 IEEE/RSJ International Conference on Intelligent Robots and Sys-
tems (IROS), pp. 566—573. doi: https://doi.org/10.1109/IROS40897.2019.8968110.

[7] K. Dufour, J. OcampoJimenez, and W. Suleiman, “Visual-spatial attention as a
comfort measure in human—robot collaborative tasks,” Robotics and Autonomous Sys-
tems, vol. 133, p. 103626, 2020, doi: https://doi.org/10.1016/j.robot.2020.103626.

[8] C. R. Rocha, C. P. Tonetto, and A. Dias, “A comparison between the Denavit—
Hartenberg and the screwbased methods used in kinematic modeling of robot manipu-
lators,” Conference papers of Flexible Automation and Intelligent Manufacturing, vol.
27, no. 4, pp. 723-728, 2011, doi: https://doi.org/10.1016/j.rcim.2010.12.009.

[9] M. Fox, “Quaternions and Rotation Sequences by Jack B. Kuipers,” The Mathe-
matical Gazette, vol. 90, pp. 173—175, Jan. 2006, doi: https://doi.org/10.2307/3621452.



16

[10] J. M. Selig, Geometric Fundamentals of Robotics. Springer, 2005. doi:
https://doi.org/10.1007/b138859.

[11] B. V. Adorno, “Two-arm Manipulation: From Manipulators to Enhanced Hu-
man-Robot Collaboration,” Automatic. Université Montpellier II - Sciences et Tech-
niques du Languedoc, 2011.

[12] A. Escande, N. Mansard, and P. Wieber, “Hierarchical quadratic programming;:
Fast online humanoidrobot motion generation,” The International Journal of Robotics
Research, vol. 33, no. 7, pp. 1006-1028, 2014, doi:
https://doi.org/10.1177/0278364914521306.

[13] 7. Vidakovic, M. Lazarevi¢, V. Kvrgic, Z. Dancuo, and G. Ferenc, “Advanced
Quaternion Forward Kinematics Algorithm Including Overview of Different Methods
for Robot Kinematics,” FME Transactions, vol. 42, Jan. 2014, doi:
https://doi.org/10.5937/fmet1403189v.





